Harmonics, YorkLib, and You

Timothy J. Giese
07/10/2008

I'm trying to get you more comfortable with spherical and solid harmonics and
their properties so that, one day, | can talk about my research with inducing
unnecessary fear. It's EASY! (not hard)

As an introduction, let's talk about point multipoles, their Coulomb interactions,
and their multipole moments evaluated at some other center...
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Hmm. That’s hard! How ’bout a point?
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Hmm. That’s hard! How ’bout a point?

A point in space located at a = §(r — a)

If that point had a charge of q,, then that point charge would be ¢,0(r — a).



If we stick that into...
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...which simplifies
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...which simplifies

B 1

’Ra - Rb‘
..and if those points in space had corresponding charges, then the interaction
between the point charges is q.qy/ Rap
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...which simplifies

B 1
’Ra - Rb‘
..and if those points in space had corresponding charges, then the interaction

between the point charges is q.qy/ Rap
OMG, that’s easy!
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But what’s a point multipole?
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Oh shucks! This got hard?! :(

It's not hard at alll
Ciu(r) = 4 uRl u(r)
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It's not hard at alll

Oh shucks! This got hard?! :(

Ciu(r) = 4 uRl u(r)
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| don’t believe you. It's hard!! :( :(

SUBROUTINE RLM3(crd,r2,Y) ! NO IT’S NOT
USE DataTypes, ONLY : SP ! HERE, TOLD YOU SO!
IMPLICIT NONE
REAL(SP) ,INTENT(IN) :: crd(3),r2
REAL(SP) , INTENT(QUT) :: Y(16)

REAL(SP) :: a,b

Y(1)=1.0_SP

Y(2)= crd(3)

Y(3)= -crd(1)/2

Y(4)= -crd(2)/2

Y(5)= (3 * crd(3) * crd(3) - r2)/4
Y(6) crd(3)*Y(3)

Y(7) crd(3)*Y(4)

Y(8)= ( crd(2)*Y(4)-crd(1)*Y(3) )/4
Y(9)= -( crd(2)*Y(3)+crd(1)*Y(4) )/4
Y(10)= (5 * crd(3) * Y(5) - r2 * crd(3))/9
a = crd(3)/1.6

b = r2/8

Y(11) = axY(6)-b*xY(3)
Y(12) = a*xY(7)-b*xY(4)
Y(13) = crd(3)*Y(8)
Y(14) = crd(3)*Y(9)

Y(15)= ( crd(2)*Y(9)-crd(1)*Y(8) )/6
Y(16)= -( crd(2)*Y(8)+crd(1)*Y(9) )/6
END SUBROUTINE RLM3



How do | evaluate harmonics with YorkLib?

Ry ,.(r) for all (I, ) from I =0 to | = [

PROGRAM FOO
USE DataTypes, ONLY : SP,I4B
USE SphericalHarmonicsMod, ONLY : ScaledRegSolidHarmonic
INTEGER (I4B) ,PARAMETER :: Lmax=3
REAL(SP) :: RIm( (Lmax+1)**2 ), r(3)

r=( 0._SP, 0._SP , 1._SP /)

CALL ScaledRegSolidHarmonic(r,Lmax,.FALSE.,R1m)

END PROGRAM FQOO
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How do | evaluate harmonics with YorkLib?

C.u(r) for all (I, 1) from I =0 to | = lnax:

PROGRAM FOO
USE DataTypes, ONLY : SP,I4B
USE SphericalHarmonicsMod, ONLY : ScaledRegSolidHarmonic
INTEGER (I4B) ,PARAMETER :: Lmax=3
REAL(SP) :: RIm( (Lmax+1)**2 ),Clm( (Lmax+1)*x*2 ), r(3)
REAL(SP) :: Alm( (Lmax+1)**2 )
r=( 0._.8P, 0..SP , 1._SP /)
CALL Cpt_Alm(Lmax,Alm)

CALL ScaledRegSolidHarmonic(r,Lmax,.FALSE.,R1m)
Clm = Alm * Rlm
END PROGRAM FOO
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How do | evaluate harmonics with YorkLib?

Y;..(r) for all (I, ) from I =0 to | = lImax:

PROGRAM FOO
USE DataTypes, ONLY : SP,I4B
USE SphericalHarmonicsMod, ONLY : ScaledRegSolidHarmonic
INTEGER (I4B) ,PARAMETER :: Lmax=3
REAL(SP) :: RIm( (Lmax+1)**2 ) ,Ylm( (Lmax+1)**2 ), r(3)
REAL(SP) :: Alm( (Lmax+1)**2 ),Racah( (Lmax+1)x**2 )
r=(0._SP, 0._.SP , 1._8P /)
CALL Cpt_Alm(Lmax,Alm)
CALL Cpt_Racah(Lmax,Racah)
CALL ScaledRegSolidHarmonic(r/SQRT(SUM(r*r)),Lmax,.FALSE.,R1lm)
Ylm = Alm * Rlm / Racah

END PROGRAM FOO



ANYWHO...
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From the identities:

we deduce that

But what’s a point multipole?

/5Z,IUJ<I')CZ/’MI<I')CZ3T = 5l,l’5,u,,u’
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/CZ,M(Q)CZ’,H’(Q)dQ — mél)lléu’ul
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But what’s a point multipole?

All we need is N. Solving
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But what’s a point multipole?

All we need is N. Solving

3/2
N/ (%) e_crzcl,u(r)ol,u(r)d?’?“ =1

for N gives

3/2 20! )
51,(x) = Jim (%) (21( _Ol)”e—cr Ciu(r)

From Hobson's theorem of the spherical tensor gradient operator (STGO),
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But what’s a point multipole? 17

A point multipole is

01,u(r — Rq) = (CQZZ’M_(vl;!)!d(r - R,)

C1..,(V) is a spherical tensor gradient operator. It is a linear combination of
derivative operators constructed by replacing the Cartesian coordinate arguments
of the Racah-normalized regular solid harmonic with their corresponding
derivatives.

The STGO is awesome... complicated integrals turn into derivatives of a simple
integral. In addition, there are some STGO theorems that circumvent the need for
the human to explicitly evaluate a series of derivatives.



Hobson’s theorem

Cln(V)F(r2) = 2Cun(r) (1) 40
(D10 = 201, (1) 10
R0 = 2Rinte) () 16
(D10 = 280 (1) 6%
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Dunlap’s differentiation theorem (shown for scaled harmonics) 1

aj,k B .
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Point multipole expansions

A point multipole expansions is

where
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Point multipole Coulomb interaction

5la; a(r R Ra)dl ) (r/ o Rb)
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Point multipole Coulomb interaction
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Point multipole Coulomb interaction
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Point multipole Coulomb interaction
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Point multipole Coulomb interaction
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Point multipole Coulomb interaction
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Point multipole Coulomb interaction
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Point multipole Coulomb interaction

( e,c
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c,c elements
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c,c

(lbamb)v(laama)

Change to complex harmonics

c,c elements
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c,C
(lbvmb)a(lavma)

c,c elements
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