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I’m trying to get you more comfortable with spherical and solid harmonics and
their properties so that, one day, I can talk about my research with inducing
unnecessary fear. It’s EASY! (not hard)

As an introduction, let’s talk about point multipoles, their Coulomb interactions,
and their multipole moments evaluated at some other center...
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Coulomb interaction =
∫ ∫

ρa(r−Ra)ρb(r′ −Rb)
|r− r′|

d3rd3r′

ρa(r−Ra) = a point multipole

= some equation

=?



3Hmm. That’s hard! How ’bout a point?
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4Hmm. That’s hard! How ’bout a point?

A point in space located at a = δ(r− a)

If that point had a charge of qa, then that point charge would be qaδ(r− a).



5If we stick that into...

Jab =
∫ ∫

ρa(r−Ra)ρb(r′ −Rb)
|r− r′|

d3rd3r′



6...we have

Jab =
∫ ∫

δ(r−Ra)δ(r′ −Rb)
|r− r′|

d3rd3r′



7...which simplifies

Jab =
1

|Ra −Rb|



7...which simplifies

Jab =
1

|Ra −Rb|
..and if those points in space had corresponding charges, then the interaction
between the point charges is qaqb/Rab



7...which simplifies

Jab =
1

|Ra −Rb|
..and if those points in space had corresponding charges, then the interaction
between the point charges is qaqb/Rab

OMG, that’s easy!
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8But what’s a point multipole?

It’s a point that has unit multipole moment!!!!!!

ooops. What’s a multipole moment?

Ml,µ =
∫

ρ(r)Cl,µ(r)d3r

Uhhh what’s Cl,µ?

Cl,µ(r) = rl

√
4π

2l + 1
Yl,µ(Ω)

Yl,µ(Ω) =


(−1)m

√
2−δm,0

2

[
Yl,m(Ω) + Y ∗

l,m(Ω)
]

µ ≥ 0
(−1)m

√
2−δm,0

2 i
[
Y ∗

l,|m|(Ω)− Yl,|m|(Ω)
]

µ < 0



9Oh shucks! This got hard?! :(

It’s not hard at all!
Cl,µ(r) = Al,µRl,µ(r)

Al,µ = (−1)µ
√

(2− δµ,0)(l + µ)!(l − µ)!

Rl,µ(r) =

{
Rc

l,m(r) µ ≥ 0
Rs

l,|m|(r) µ < 0



9Oh shucks! This got hard?! :(

It’s not hard at all!
Cl,µ(r) = Al,µRl,µ(r)

Al,µ = (−1)µ
√

(2− δµ,0)(l + µ)!(l − µ)!

Rl,µ(r) =

{
Rc

l,m(r) µ ≥ 0
Rs

l,|m|(r) µ < 0

Rc
0,0(r) = 1 (1)

Rs
0,0(r) = 0 (2)

Rc/s
m,m(r) = ± 1

2m

[
yR

s/c
m−1,m−1(r)∓ xR

c/s
m−1,m−1(r)

]
(3)

R
c/s
l,m(r) =

(2l − 1)zR
c/s
l−1,m(r)− r2R

c/s
l−2,m(r)

(l + m)(l −m)
(4)



10I don’t believe you. It’s hard!! :( :(

SUBROUTINE RLM3(crd,r2,Y) ! NO IT’S NOT
USE DataTypes, ONLY : SP ! HERE, TOLD YOU SO!
IMPLICIT NONE
REAL(SP),INTENT(IN) :: crd(3),r2
REAL(SP),INTENT(OUT) :: Y(16)
REAL(SP) :: a,b
Y(1)=1.0_SP
Y(2)= crd(3)
Y(3)= -crd(1)/2
Y(4)= -crd(2)/2
Y(5)= (3 * crd(3) * crd(3) - r2)/4
Y(6) = crd(3)*Y(3)
Y(7) = crd(3)*Y(4)
Y(8)= ( crd(2)*Y(4)-crd(1)*Y(3) )/4
Y(9)= -( crd(2)*Y(3)+crd(1)*Y(4) )/4
Y(10)= (5 * crd(3) * Y(5) - r2 * crd(3))/9
a = crd(3)/1.6
b = r2/8
Y(11) = a*Y(6)-b*Y(3)
Y(12) = a*Y(7)-b*Y(4)
Y(13) = crd(3)*Y(8)
Y(14) = crd(3)*Y(9)
Y(15)= ( crd(2)*Y(9)-crd(1)*Y(8) )/6
Y(16)= -( crd(2)*Y(8)+crd(1)*Y(9) )/6

END SUBROUTINE RLM3



11How do I evaluate harmonics with YorkLib?

Rl,µ(r) for all (l, µ) from l = 0 to l = lmax:

PROGRAM FOO
USE DataTypes, ONLY : SP,I4B
USE SphericalHarmonicsMod, ONLY : ScaledRegSolidHarmonic
INTEGER(I4B),PARAMETER :: Lmax=3
REAL(SP) :: Rlm( (Lmax+1)**2 ), r(3)

r = (/ 0._SP , 0._SP , 1._SP /)

CALL ScaledRegSolidHarmonic(r,Lmax,.FALSE.,Rlm)

END PROGRAM FOO



12How do I evaluate harmonics with YorkLib?

Cl,µ(r) for all (l, µ) from l = 0 to l = lmax:

PROGRAM FOO
USE DataTypes, ONLY : SP,I4B
USE SphericalHarmonicsMod, ONLY : ScaledRegSolidHarmonic
INTEGER(I4B),PARAMETER :: Lmax=3
REAL(SP) :: Rlm( (Lmax+1)**2 ),Clm( (Lmax+1)**2 ), r(3)
REAL(SP) :: Alm( (Lmax+1)**2 )
r = (/ 0._SP , 0._SP , 1._SP /)
CALL Cpt_Alm(Lmax,Alm)

CALL ScaledRegSolidHarmonic(r,Lmax,.FALSE.,Rlm)
Clm = Alm * Rlm

END PROGRAM FOO



13How do I evaluate harmonics with YorkLib?

Yl,µ(r) for all (l, µ) from l = 0 to l = lmax:

PROGRAM FOO
USE DataTypes, ONLY : SP,I4B
USE SphericalHarmonicsMod, ONLY : ScaledRegSolidHarmonic
INTEGER(I4B),PARAMETER :: Lmax=3
REAL(SP) :: Rlm( (Lmax+1)**2 ),Ylm( (Lmax+1)**2 ), r(3)
REAL(SP) :: Alm( (Lmax+1)**2 ),Racah( (Lmax+1)**2 )
r = (/ 0._SP , 0._SP , 1._SP /)
CALL Cpt_Alm(Lmax,Alm)
CALL Cpt_Racah(Lmax,Racah)
CALL ScaledRegSolidHarmonic(r/SQRT(SUM(r*r)),Lmax,.FALSE.,Rlm)
Ylm = Alm * Rlm / Racah

END PROGRAM FOO



14ANYWHO...
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15But what’s a point multipole?

It’s a point that has unit multipole moment!!!!!!∫
δl,µ(r)Cl′,µ′(r)d3r = δl,l′δµ,µ′

From the identities: ∫
Cl,µ(Ω)Cl′,µ′(Ω)dΩ =

4π

2l + 1
δl,l′δµ,µ′

δ(r) = lim
ζ→∞

(
ζ

π

)3/2

e−ζr2
,

we deduce that

δl,µ(r) ∝ lim
ζ→∞

N

(
ζ

π

)3/2

e−ζr2
Cl,µ(r)



16But what’s a point multipole?

All we need is N . Solving

N

∫ (
ζ

π

)3/2

e−ζr2
Cl,µ(r)Cl,µ(r)d3r = 1

for N
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N

∫ (
ζ

π
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16But what’s a point multipole?

All we need is N . Solving

N

∫ (
ζ

π

)3/2

e−ζr2
Cl,µ(r)Cl,µ(r)d3r = 1

for N gives

δl,µ(r) = lim
ζ→∞

(
ζ

π

)3/2 (2ζ)l

(2l − 1)!!
e−ζr2

Cl,µ(r)

From Hobson’s theorem of the spherical tensor gradient operator (STGO),

δl,µ(r) =
(−1)l

(2l − 1)!!
Cl,µ(∇) lim

ζ→∞

(
ζ

π
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16But what’s a point multipole?

All we need is N . Solving

N

∫ (
ζ

π

)3/2

e−ζr2
Cl,µ(r)Cl,µ(r)d3r = 1

for N gives

δl,µ(r) = lim
ζ→∞

(
ζ

π

)3/2 (2ζ)l

(2l − 1)!!
e−ζr2

Cl,µ(r)

From Hobson’s theorem of the spherical tensor gradient operator (STGO),

δl,µ(r) =
(−1)l

(2l − 1)!!
Cl,µ(∇) lim

ζ→∞

(
ζ

π

)3/2

e−ζr2

=
(−1)l

(2l − 1)!!
Cl,µ(∇)δ(r)



17But what’s a point multipole?

A point multipole is

δl,µ(r−Ra) =
Cl,µ(∇a)
(2l − 1)!!

δ(r−Ra)

Cl,µ(∇) is a spherical tensor gradient operator. It is a linear combination of
derivative operators constructed by replacing the Cartesian coordinate arguments
of the Racah-normalized regular solid harmonic with their corresponding
derivatives.

The STGO is awesome... complicated integrals turn into derivatives of a simple
integral. In addition, there are some STGO theorems that circumvent the need for
the human to explicitly evaluate a series of derivatives.



18Hobson’s theorem

Cl,m(∇)f(r2) = 2lCl,m(r)
(

d

dr2

)l

f(r2)

C∗
l,m(∇)f(r2) = 2lC∗

l,m(r)
(

d

dr2

)l

f(r2)

Rl,m(∇)f(r2) = 2lRl,m(r)
(

d

dr2

)l

f(r2)

R∗
l,m(∇)f(r2) = 2lR∗

l,m(r)
(

d

dr2

)l

f(r2)



19Dunlap’s differentiation theorem (shown for scaled harmonics)

a2
j,k

(2j − 1)!!
Rj,k(∇)Rl,m(r) = (−1)k Rl−j,m+k(r)

a2
j,k

(2j − 1)!!
R∗

j,k(∇)Rl,m(r) = Rl−j,m−k(r)

a2
j,k

(2j − 1)!!
Rj,k(∇)Il,m(r) = (−1)j Il+j,m+k(r)

a2
j,k

(2j − 1)!!
R∗

j,k(∇)Il,m(r) = (−1)j+k Il+j,m−k(r)

al,m =
√

(l + m)!(l −m)!

Il,m(r) = al,mCl,m(r)/r2l+1



20Point multipole expansions

A point multipole expansions is

ρa(r−Ra) =
lmax,a∑
la=0

la∑
µa=−la

qla,µaδla,µa(r−Ra)

where

q0,0 = q0,0c = monopole

q1,0 = q1,0c = dipole (z)

q1,1 = q1,1c = dipole (x)

q1,−1 = q1,1s = dipole (y)

q2,0 = q2,0c = quadrupole (z2 − 1)

q2,1 = q2,1c = quadrupole (xz)

q2,−1 = q2,1s = quadrupole (yz)

q2,2 = q2,2c = quadrupole (x2 − y2)

q2,−2 = q2,2s = quadrupole (xy)



21Point multipole Coulomb interaction

Jab =
∑
la,µa

∑
lb,µb

qlb,µb
qla,µa
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|r− r′|
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Jab =
∑
la,µa

∑
lb,µb

qlb,µb
qla,µa

∫ ∫
δla,µa(r−Ra)δlb,µb

(r′ −Rb)
|r− r′|

d3rd3r′

=qT
b · T̃(Rab) · qa

T̃(lb,µb),(la,µa)(Rab) =
Clb,µb
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∫ ∫
δ(r−Ra)δ(r′ −Rb)

|r− r′|
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21Point multipole Coulomb interaction

Jab =
∑
la,µa

∑
lb,µb

qlb,µb
qla,µa

∫ ∫
δla,µa(r−Ra)δlb,µb

(r′ −Rb)
|r− r′|

d3rd3r′

=qT
b · T̃(Rab) · qa

T̃(lb,µb),(la,µa)(Rab) =
Clb,µb

(∇b)
(2lb − 1)!!

Cla,µa(∇a)
(2la − 1)!!

∫ ∫
δ(r−Ra)δ(r′ −Rb)

|r− r′|
d3rd3r′

=
Clb,µb

(∇b)
(2lb − 1)!!

Cla,µa(∇a)
(2la − 1)!!

1
Rab



22Point multipole Coulomb interaction
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22Point multipole Coulomb interaction

T(lb,µb),(la,µa)(Rab) =Alb,µb
Ala,µaT̃(lb,µb),(la,µa)(Rab)

=
A2

lb,µb

(2lb − 1)!!
Rlb,µb

(∇b)
A2

la,µa

(2la − 1)!!
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22Point multipole Coulomb interaction

T(lb,µb),(la,µa)(Rab) =Alb,µb
Ala,µaT̃(lb,µb),(la,µa)(Rab)

=
A2

lb,µb

(2lb − 1)!!
Rlb,µb

(∇b)
A2

la,µa

(2la − 1)!!
Rla,µa(∇a)I0,0(Rab)

=(2− δµb,0)(2− δµa,0)
a2

lb,µb

(2lb − 1)!!
Rlb,µb

(∇b)

×
a2

la,µa

(2la − 1)!!
Rla,µa(∇a)I0,0(Rab)

al,µ =
√

(l + µ)!(l − µ)!



23Point multipole Coulomb interaction

T(lb,µb),(la,µa)(Rab) =


T c,c

(lb,mb),(la,ma)(Rab), µb ≥ 0, µa ≥ 0
T c,s

(lb,mb),(la,ma)(Rab), µb ≥ 0, µa < 0
T s,c

(lb,mb),(la,ma)(Rab), µb < 0, µa ≥ 0
T s,s

(lb,mb),(la,ma)(Rab), µb < 0, µa < 0



24c,c elements

T c,c
(lb,mb),(la,ma)(Rab) =(2− δmb,0)(2− δma,0)

×
a2

lb,mb

(2lb − 1)!!
Rc

lb,mb
(∇b)

×
a2

la,ma

(2la − 1)!!
Rc

la,ma
(∇a)

× I0,0(Rab)



25c,c elements

T c,c
(lb,mb),(la,ma)(Rab) =(2− δmb,0)(2− δma,0)

×
a2

lb,mb

(2lb − 1)!!
Rc

lb,mb
(∇b)

×
a2

la,ma

(2la − 1)!!
Rc

la,ma
(∇a)

× I0,0(Rab)

Change to complex harmonics



26c,c elements

T c,c
(lb,mb),(la,ma)(Rab) =(2− δmb,0)(2− δma,0)

×
a2

lb,mb

(2lb − 1)!!
1
2

[
Rlb,mb

(∇b) + R∗
lb,mb

(∇b)
]

×
a2

la,ma

(2la − 1)!!
1
2

[
Rla,ma(∇a) + R∗

la,ma
(∇a)

]
× I0,0(Rab)



27c,c elements

T c,c
(lb,mb),(la,ma)(Rab) =(2− δmb,0)(2− δma,0)

×
a2

lb,mb

(2lb − 1)!!
1
2

[
Rlb,mb

(∇b) + R∗
lb,mb

(∇b)
]

×
a2

la,ma

(2la − 1)!!
1
2

[
Rla,ma(∇a) + R∗

la,ma
(∇a)

]
× I0,0(Rab)




